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Abstract. A marginally trapped surface in the four-dimensional Minkowski space is a space- 
like surface whose mean curvature vector is lightlike at each point. We associate a geometrically 
determined moving frame field to such a surface and using the derivative formulas for this frame 
field we obtain seven invariant functions. Our main theorem states that these seven invariants 
determine the surface up to a motion in Minkowski space. 

We introduce meridian surfaces as one-parameter systems of meridians of a rotational hy- 
persurface in the four-dimensional Minkowski space. We find all marginally trapped meridian 
surfaces. 



1. Introduction 

The concept of trapped surfaces was introduced by Roger Penrose in [T3] and it plays an 
important role in general relativity. A surface in a 4- dimensional spacetime is called marginally 
trapped if it is closed, embedded, spacelike and its mean curvature vector is lightlike at each 
point of the surface. These surfaces were defined by Penrose in order to study global properties 
of spacetime. In Physics similar or weaker definitions attract attention. Recently, marginally 
trapped surfaces have been studied from a mathematical viewpoint. In the mathematical 
literature, it is customary to call a co dimension-two surface in a 4-dimensional semi-Riemannian 
manifold marginally trapped it its mean curvature vector H is lightlike at each point, and 
removing the other hypotheses, i.e. the surface does not need to be closed or embedded. 
Classification results in 4-dimensional Lorentz manifolds were obtained imposing some extra 
conditions on the mean curvature vector, the Gauss curvature or the second fundamental form. 
Marginally trapped surfaces with positive relative nullity in Lorenz space forms were classified in 
[2] . The non-existence of marginally trapped surfaces in Robert son- Walker spaces with positive 
relative nullity was shown in [3]. Marginally trapped surfaces with parallel mean curvature 
vector in Lorenz space forms were classified in |4j. In [11] marginally trapped surfaces which 
are invariant under a boost transformation in 4-dimensional Minkowski space were studied, and 
marginally trapped surfaces in Minkowski 4-space which are invariant under spacelike rotations 
were classified in [12]. The classification of marginally trapped surfaces in Minkowski 4-space 
which are invariant under a group of screw rotations (a group of Lorenz rotations with an 
invariant lightlike direction) is obtained in [T3] . 

In this paper, we consider marginally trapped surfaces in the four- dimensional Minkowski 
space M.f. Our study is based on the geometrically introduced invariant linear map of Weingarten- 
type in the tangent plane at any point of the surface under consideration. This allows us to 
introduce principal lines and geometrically determined invariant moving frame field. Writing 
derivative formulas of Frenet-type for this frame field, we obtain seven invariant functions and 
prove a fundamental theorem of Bonnet-type, stating that these seven invariants under some 
natural conditions determine the surface up to a motion in M.f. 
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We apply our theory to spacelike surfaces lying on rotational hyper surf aces in R^. Considering 
rotational hypersurfaces with timelike or spacelike axis we construct special two-dimensional 
surfaces which are one-parameter systems of meridians of the rotational hypersurface (meridian 
surfaces). We find all meridian surfaces which are marginally trapped. 

2. Preliminaries 

In [S] we considered the local theory of spacelike surfaces in the four-dimensional Minkowski 
space M.f. The basic feature of our treatment of these surfaces was the introduction of an 
invariant linear map of Weingarten-type in the tangent plane at any point of the surface, 
following the approach to the theory of surfaces in M"^ IS [7] . Studying surfaces in the Euclidean 
space M^, in [5j we introduced a linear map 7 of Weingarten-type, which plays a similar role 
in the theory of surfaces in as the Weingarten map in the theory of surfaces in M^. The 
map 7 generates the corresponding second fundamental form II at any point of the surface in 
the standard way. We gave a geometric interpretation of the second fundamental form and the 
Weingarten map of the surface in [B]. 

Let M.f be the Minkowski space endowed with the metric (, ) of signature (3, 1) and 061626364 
be a fixed orthonormal coordinate system in M.f, i.e. = 63 = 6^ = 1, el = —1, giving the 
orientation of M^. The standard fiat metric is given in local coordinates by dx\ + dx\ + dx\ — dx\. 

A surface in is said to be spacelike if (, ) induces a Riemannian metric g on M^. Thus 
at each point p of a spacelike surface we have the following decomposition 

M\ = TpM^ © NpM^ 

with the property that the restriction of the metric (, ) onto the tangent space TpM'^ is of 
signature (2,0), and the restriction of the metric (, ) onto the normal space NpM"^ is of signature 

(1,1)- 

Denote by V and V the Levi Civita connections on and M^, respectively. Let x and 
y denote vector fields tangent to M and let be a normal vector field. Then the formulas of 
Gauss and Weingarten give a decomposition of the vector fields V^y and V^.^ into a tangent 
and a normal component: 

V^y = V^?/ + a(x,y); 
V^^ = -Ai:x + 

which define the second fundamental tensor cr, the normal connection D and the shape op- 
erator ^4^ with respect to The mean curvature vector field H of the surface is de- 
fined as H = 2 ^' Si^6^ ^ local orthonormal frame {x, y} of the tangent bundle, 

H = ^ia{x,x) + a{y,y)). 

Let : z = z{u,v), {u,v) &T> {T> C M^) be a local parametrization on a spacelike surface 
in M^. The tangent space at an arbitrary point p = z{u,v) of is TpM"^ = span{z„, z^,}. 
Since is spacelike, {zu, Zu) > 0, {zy,Zy) > 0. We use the standard denotations E{u,v) = 
{zu, Zu), F{u, v) = {zu, z^), G{u, v) = {zy, Zy) for the coefficients of the first fundamental form 

/(A, = EX^ + 2FA/i + A, ^ G R. 

Since I{X, fj,) is positive definite we set W = \/EG — F^. We choose a normal frame field 
{77,1,712} such that {ni,ni) = 1, (71,2,77.2) = —1, and the quadruple {z^,, z^, 77,1, 772} is positively 
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oriented in M.f. Then we have the following derivative formulas: 

rJi + r^^ + c\i Til — c\i n2', 

^^u^"" ~ ^vv = 1^22 "I" -'^22 + C22 '^l ~ C22 ^2, 



^ Zu ^""^ 



where T^, are the Christoffel's symbols and the functions c^-, i, j, k = 1,2 are given by 



Cxi ~ {^uu-j'^2)i ^12 ~ (^Mt))^2)) 



'^22 



C22 = (^lilil ^^2) • 



Obviously, the surface lies in a 2-plane if and only if is totally geodesic, i.e. cf^ = 
0, i, J, k = 1,2. So, we assume that at least one of the coefficients cf^ is not zero. 

Considering the tangent space TpM"^ at a point p G M^, in [8] we introduced an invariant 
Cc,i,c,2 of ^ P^i'^ of tangents (71, g2 using the second fundamental tensor a of M^. By 
means of this invariant we defined conjugate, asymptotic, and principal tangents. The second 
fundamental form // of the surface at a point p G is introduced on the base of conjugacy 
of two tangents at the point. The coefficients L, M, N of the second fundamental form // are 
determined as follows: 



(1) 



L 



2 

W 



'^11 '^12 




c\i 


•^22 


^ -1. 


'^12 


'^22 


„2 2 
^11 '-12 




C?1 


^22 




^-12 


^-22 



The second fundamental form // determines an invariant linear map 7 of Weingarten-type 
at any point of the surface, which generates two invariant functions: 

LN-M^ 1 EN + GL- 2FM 



k := det 7 



X 



1 

-- tr 7 

2 ' 



EG-F^' 2 ' 2{EG - F"^) 

The functions k and x are invariant under changes of the parameters of the surface and changes 
of the normal frame field. The sign of k is invariant under congruences and the sign of x is 
invariant under motions in R^. However, the sign of x changes under symmetries with respect 
to a hyperplane in We proved that the invariant x is the curvature of the normal connection 
of the surface. The number of asymptotic tangents at a point of M ^ is determined by the sign 
of the invariant k. In the case /c = there exists a one-parameter family of asymptotic lines, 
which are principal. 

It is interesting to note that the "umbilical" points, i.e. points at which the coefficients of 
the first and the second fundamental forms are proportional, are exactly the points at which 
the mean curvature vector H is zero. So, the spacelike surfaces consisting of "umbilical" points 
in s-^s exactly the minimal surfaces. Minimal spacelike surfaces are characterized in terms 
of the invariants k and x by the equality x^ — A; = 0. 

Analogously to and M^, the invariants k and x divide the points of into four types: fiat, 
elliptic, hyperbolic and parabolic points. The surfaces consisting of fiat points are characterized 
by the conditions A; = x = 0, or equivalently L = M = N = Q. We gave a local geometric 
description of spacelike surfaces consisting of fiat points whose mean curvature vector at any 
point is a non-zero spacelike vector or timelike vector, proving that any such a surface either 
lies in a hyperplane of M.\ or is part of a developable ruled surface in ISj • 

Using the introduced principal lines on a spacelike surface in whose mean curvature 
vector at any point is a non-zero spacelike vector or timelike vector, we found a geometrically 
determined moving frame field on such a surface. Writing the derivative formulas of Frenet-type 
for this frame field, we obtained eight invariant functions and proved a fundamental theorem of 
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Bonnet-type, stating that these eight invariants under some natural conditions determine the 
surface up to a motion in M.f. 

In the present paper we shall apply the same idea for developing the invariant theory of 
spacelike surfaces in whose mean curvature vector at any point is a lightlike vector, i.e. 
marginally trapped surfaces. 

3. Invariants of a marginally trapped surface 

Let : z = z{u,v), {u,v) G be a marginally trapped surface. Then the mean curvature 
vector is lightlike at each point of the surface, i.e. {H, H) = 0. Thus there exists a pseudo- 
orthonormal normal frame field {rii, 712}, such that ni = H and 

(ni,?2i) = 0; (712,^2) = 0; (ni,n2) = -l. 

We assume that is free of flat points, i.e. {L,M,N) 7^ (0,0,0). Then at each point of 
the surface there exist principal lines and without loss of generality we assume that is 

parameterized by principal lines. Let us denote x = —?=■, y = ~j=- Then a{x^x) and cr{y,y) 

v E y G 



are collinear with the mean curvature vector field. So, we have the following decompositions 

o"(x, x) = (1 + z/) ni; 

(2) a{x,y) = Xni+ ^n2] 

(^iy,y) = (1 - ni, 

where u, A, are invariant functions, determined by the principal directions x, y, and the mean 
curvature vector field rii = H as follows: 

u = -{ ,n2), X = -{a{x,y),n2}, fi = -{a{x,y),ni} . 

Using dl]) and ([2]) we calculate the coefficients L, M, N of the second fundamental form and 
find the invariants k, x and the Gauss curvature K of expressed by the functions u, A, and 

(3) A; = V(zy2_i). x=-2//z/; K = 2Xfi. 

Since H ^ 0, we have x"^ — k > 0. From (|3]) we get the relations: 

K X 



= x^ - /c; A 



y/ h"^ — k ^ — k 



The last equalities show the geometric meaning of the invariants A, and \i. Note that /i 7^ 0, 
since x^ — A; > 0. 

Recall that a surface is called fiat if the Gauss curvature K vanishes; is with fiat normal 
connection if and only if x = 0; consists of parabolic points if and only if /c = 0. So, 
equalities ^ imply the following statements. 

Proposition 3.1. Let M"^ he a marginally trapped surface free of fiat points. Then is a 
flat surface if and only if X = 0. 

Proposition 3.2. Let be a marginally trapped surface free of fiat points. Then is a 
surface with flat normal connection if and only if u = 0. 

Proposition 3.3. Let be a marginally trapped surface free of fiat points. Then is a 
surface consisting of parabolic points if and only if = ±1. 
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The flat marginally trapped surfaces can also be characterized in terms of the so called null 
allied mean curvature vector field. The allied vector field of a normal vector field ^ of an n- 
dimensional submanifold M" of (n + m)-dimensional Riemannian manifold M""*"™ is defined by 
B.-Y. Chen [I] by the formula 

k=2 

where {^i = -|j^,(^2, • • • ,^m} is a local orthonormal frame of the normal bundle of M", and 

Ai = A^^, i = l,...,m is the shape operator with respect to fj. In particular, the allied 
vector field a{H) of the mean curvature vector field if is a well-defined normal vector field 
which is called the allied mean curvature vector field of M" in M"""*"™. B.-Y. Chen defined 
the ^-submanifolds to be those submanifolds of M""*"™ for which a{H) vanishes identically [1]. 
In P [in] the v4-submanifolds are called Chen submanifolds. It is easy to see that minimal 
submanifolds, pseudo-umbilical submanifolds and hypersurfaces are Chen submanifolds. These 
Chen submanifolds are said to be trivial A- submanifolds. 

In [13] S. Haesen and M. Ortega extended the notion of allied mean curvature vector field 
to the case when the normal space is a two-dimensional Lorenz space and the mean curvature 
vector field is lightlike as follows. Denote by {H, H^} a pseudo-orthonormal basis of the normal 
space such that {H,H) = 0; {H^,H-^) = 0; {H,H^) = —1. The null allied mean curvature 
vector field is defined as 

(4) a{H) = UT{AHoAH.)H^. 

Now, if is a marginally trapped surface, then using equalities we get 



Applying formula and using (|3]), we obtain that the null allied mean curvature vector field 
of is expressed as follows: 

K 

a{H) = Xfin2 = Y ^^2- 

Thus we obtain the following result. 

Proposition 3.4. Let be a marginally trapped surface free of flat points. Then is a 
flat surface if and only if has vanishing null allied mean curvature vector field. 

In [13] the same result is proved for screw invariant marginally trapped surfaces in M.f. 

4. Fundamental theorem 

In the local theory of surfaces in Euclidean space a statement of significant importance is a 
theorem of Bonnet-type giving the natural conditions under which the surface is determined 
up to a motion. A theorem of this type was proved for surfaces with fiat normal connection 
by B.-Y. Chen in [1]. In [7] we proved a fundamental theorem of Bonnet-type for surfaces in 
free of minimal points. In |8] we considered spacelike surfaces in M.f whose mean curvature 
vector at any point is a non-zero spacelike vector or timelike vector. Using the geometric 
moving frame field of Frenet-type on such a surface and the corresponding derivative formulas, 
we proved a fundamental theorem of Bonnet-type for this class of surfaces, stating that any 
such a surface is determined up to a motion in M.f by eight invariant functions satisfying some 
natural conditions. 
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In this section we shall consider marginally trapped surfaces, i.e. spacelike surfaces whose 
mean curvature vector at any point is a lightlike vector. Let be such a surface. We assume 
that is free of flat points, i.e. {L,M,N) ^ (0,0,0), and is parameterized by principal 
lines. Let {x,y} be the principal tangent vector fields and {ni,n2} be the pseudo-orthonormal 
normal frame field, defined in Section [21 Thus we obtain a special frame field {x, y, ni, 712} at 
each point p G M^, such that x,y are unit spacelike vector fields coUinear with the principal 
directions; ni, 77,2 are lightlike vectors, {rii, 712) = —1, and ni is the mean curvature vector field. 
We call such a frame field a geometric frame field of M^. 

With respect to this frame field we have the following Frenet-type derivative formulas of M^: 

V^x = 7i7/ + (1 + 1/) 77i; V>i = //y + /3i77i; 

'^'xy = ~li-^ + A 711 +^712; V'7li=/iX +[^2^1, 

(5) 

^ ^ "^'yX = -72?/+ A77i +/ir72; V^r72 = (1 + z/) x + Ay -/3i 772; 

Vy7/= 72 a: +(l-i/)77i; Vyn2 = \ x+ {l-u)y -/?2n2, 

where 71 = -y{\ny/E), 72 = -x{lny/G), /3i = -(V!,77i, 772), /32 = -(V^Tii, 772), and ^ 0. 

Using that R'{x, y, rii) = 0, R'{x, y, 772) = 0, and R'{x, y, x) = 0, from (jSj) we get the following 
integrability conditions: 

- 2/i72 - = 0; 
yifi) - 2/i7i - /i/?2 = 0; 
x(72) + yili) - ((71)' + (72)') - 2A/i = 0; 
x(A) - - 2A72 + 2z/7i + A/?i - (1 + z/) /?2 = 0; 

+ ?/(A) - 2A71 - 2Z/72 - (1 - I/) A + A/?2 = 0; 
a;(/?2) - yWi) + 2z/ ^ + 71 /3i - 72 /?2 = 0. 

Having in mind that x = v = —p=, we can rewrite the above equalities as follows: 



2/7 72 + ;U /3i = ^ fiu 



2/7 71 + /7/32 = -^^iv] 



E 

2A72-2z/7i-A^i + (l + z/)/32 = ^ A, 



2A/i = 4h + ^ (71). - ((71)' + (72)'); 



E VG 

2A71 + 21^72 + (l-z/) /?i-A/32 = ^z^„ + ^A,; 

V -£/ V G 



7i A - 72 /32 + 2z/ /7 = ^ (/32)„ + 

y E V G 



The condition Hu^iv 1^ ^ is equivalent to (2 72 + /3i)(2 71 + (32) 7^ 0. So, if /i„ /i^^ 7^ 0, then 

E= ^" . ■ 



/i(2 72 + /3i)' /i(2 7i + /?2)' 
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We shall prove the following Bonnet-type theorem for marginally trapped surfaces in M.f free 
of flat points. 

Theorem 4.1. Let -ji, 72, u, A, /i, /3i,/32 be smooth functions, defined in a domainV, V C M^, 
and satisfying the conditions 



/i(2 72 + /3i) 
-7iv^v^ = (v^)„; 

1 , . 1 



>0; 



(72 )« 



(6) 



VG 

2A72-2z/7i-A/3i + (l + z/)/32 



M271 + /32) 
-72y:Ev^ = (v^)„; 

(71). -((71)' + (72)^); 



Au 



2A7i + 2z/72 + (l-i^) /3i-A/32 

1 



E 

1 1 , 
— H 7^ At,; 



where v £" 



7i /?i - 72 ^2 + 2z^ = 

fJ'u rp^ l^v 



E 
1 



G 



(^2)« + ^ (/3l)t„ 



M2 72 + /3i)' 



/i(2 7i + /?2 



^ 

. Let {xo, ?/05 (^1)0, (^^2)0} be vectors at a point 



Po G Ml, such thatxo, 1/0 are unit spacelike vectors, {xq, Uq) = 0, (ni)o, (^2)0 are lightlike vectors, 
and ((ni)o, (^1-2)0) = ~1- Then there exist a suhdomain Vq dV and a unique marginally trapped 
surface : z = z{u,v), {u,v) G /'^ee of flat points, such that passes through po, the 
functions 71, 72, ly, A, /i, /?i,/32 ^'"e geometric functions of and {xq, yo, (ni)o, (?^2)o} is 
the geometric frame of M"^ at the point Pq. 



(7) 



Vu = 

We denote 



Proof: We consider the following system of partial differential equations for the unknown vector 
functions x = x{u,v), y = y{u,v), Ui = ni{u,v), n2 = n2{u,v) in M.f: 

Xv = VG (-72 J/ + A ni + 71,2) 

y^ = y/G (72 X + (1 - z/) ni) 

(ui)^ = \/G {fix + /32ni) 

G{Xx + {l-u)y- I32n2) 



E{jiy + {l + u) m) 
a/E (-71 X + A ni + 722) 
E {fiy + I3ini) 
E{{l + u)x + Xy- Pi n2) 



( ^ ^ 










/ 


71 


(1 + ^) 





\ 


y 


■ A -- 


= V 




-71 





A 


/i 




Ui 


1 


















\n2 J 












A 







/ 






/ 







-72 


A 


fi \ 






B = 


Vg 




72 




(1 




















/32 













\ 


A 


(1 







-^2 ) 







Then system ([7]) can be rewritten in the form: 

Z„ = AZ, 



BZ. 
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The integrability conditions of ([8]) are 
i.e. 

(9) ^-|f + EK^?-^'4) = 0> a = l,...,4, 

where and are the elements of the matrices A and B. Using ([6]) we obtain that equahties ([9]) 
are fulfilled. Hence, there exist a subset Vi gT) and unique vector functions x = x{u, v), y = 
y{u,v), rii = ni{u,v), n2 = n2{u,v), {u,v) G Vi, which satisfy system ([7]) and the conditions 

x{uo, vo) = xo, y{uo, vq) = yo, ni{uo, Vq) = (ni)o, n2{uo, Vq) = (n2)o- 

We shall prove that for each {u,v) G Vi the vectors x{u,v), y{u,v), ni{u,v), n2{u,v) have 
the following properties: x{u,v), y{u,v) are unit spacelike vectors, {x{u,v),y{u,v)) = 0, 
ni{u,v), n2{u,v) are lightlike vectors, and (ni, 712) = —1. Let us consider the following func- 
tions: 

ifi = {x, x) - 1; 995 = (x, y)] ips = {y, ni); 

V?2 = (?/,?/)- 1; (pe = {x,ni); ipg = {y,n2); 

LPs = {ni,ni); 997 = (x, 71,2); v'lo = (rii, 71,2) + 1; 

V?4 = {n2,n2)] 

defined for each {u, v) G Vi. Using that x{u, v), y{u, v), ni{u, v), n2{u, v) satisfy ([7]), we obtain 
the system 

(10) ^, ^ = i,...,io, 

where al,l3l, i,j = 1, . . . , 10 are functions of {u,v) G Vi. System (JTOl) is a linear system 
of partial differential equations for the functions ipi{u,v), i = 1, . . . , 10, {u,v) G Vi, satisfy- 
ing ipi{uo,vo) = 0, i = 1, . . . , 10. Hence, (pi{u,v) = 0, i = 1, . . . , 10 for each {u,v) G Vi. 
Consequently, the quadruple {x{u,v), y{u,v), ni{u,v), n2{u,v)} has the properties mentioned 
above. 

Now, let us consider the system 

Zu = VE X 

^^^^ z. = VGy 

of partial differential equations for the vector function z{u,v). Using and ([7]) we get that 
the integrability conditions Zuv = z^u of system (ITTl) are fulfilled. Hence, there exist a subset 
T>o C Vi and a unique vector function z = z{u,v), defined for {u,v) G Vq and satisfying 

z{uo,vo) = Pq. 

Consequently, the surface : z = z{u, v), {u, v) G satisfies the assertion of the theorem. 

□ 

Marginally trapped surfaces for which /3i = /?2 = have parallel mean curvature vector field, 
i.e. DH = holds identically. The class of marginally trapped surfaces with parallel mean 
curvature vector field, was classified by B.-Y. Chen and J. Van Der Veken in 
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5. Meridian surfaces in Rf 

In [7] we constructed a family of surfaces lying on a standard rotational hypersurface in the 
four-dimensional Euclidean space M^. These surfaces are one-parameter systems of meridians 
of the rotational hypersurface, that is why we called them meridian surfaces. We described 
the meridian surfaces with constant Gauss curvature, with constant mean curvature, and with 
constant invariant k. 

In this section we shall use the same idea to construct a special family of two-dimensional 
spacelike surfaces lying on rotational hypersurfaces in Mf. We shall consider the standard 
rotational hypersurface with timelike axis and the rotational hypersurface with spacelike axis. 

Let {61,62,63,64} be the standard orthonormal frame in M.f, i.e. 6^ = e| = 6^ = 1, 64 = 
— 1. First we consider the standard rotational hypersurface with timelike axis. Let 5'^(1) be 
a 2-dimensional sphere in the Euclidean space = span{6i, 62, 63}, centered at the origin 
O. Let / = f{u), g = g{u) be smooth functions, defined in an interval J C M, such that 

P{u) — g'^iu) > 0, u & I, where f{u) denotes the derivative — ; — and g{u) = — — . We 

du du 

assume that f{u) > 0, u & I. The standard rotational hypersurface Ai' in M^, obtained by 
the rotation of the meridian curve m : u ^ {f{u),g{u)) about the 064-axis, is parameterized 
as follows: 

M' : Z{u, w\ w^) = f{u) l{w\ w^) + g{u) 64, 

where l{w^, w"^) is the unit position vector of 5*^(1) in M^. The hypersurface A4' is a rotational 
hypersurface in M.f with timelike axis. 

We consider a smooth curve c : I = l{y) = l{w^{v),w'^{v)), v E J, J C M on parame- 
terized by the arc-length, i.e. {l'{v), l'{v)) = 1. Let t{v) = l'{y) be the tangent vector field of c. 
Since {t{y),t{y)) = 1, {l{v),l{v)) = 1, and {t{v),l{v)) = 0, there exists a unique (up to a sign) 
vector field n{v) in M^, such that {l{v),t{v),n{v)} is an orthonormal frame field. With respect 
to this orthonormal frame field we have the following Frenet formulas of c on S'^(l): 

I' = t; 

(12) t' = Kn-l; 

n' = —K,t, 

where k{v) = {t'{v),n{v)) is the spherical curvature of c. 

Now we construct a surface in in the following way: 

(13) M'^: z{u,v) = f{u)l{v) + g{u)e4, ueI,veJ. 

The surface hes on the rotational hypersurface A4' in M-f. Since is a one-parameter 
system of meridians of Ai', we call Ai'^ a meridian surface on Ai' . 
The tangent space of Ai'^ is spanned by the vector fields: 

Zu = fl + geA] 

Zy ft, 

SO, the coefficients of the first fundamental form of Ai'^ are 

E = f\u)~g\u)>0; F = 0; G = f\u) > 
Hence, the first fundamental form is positive definite, i.e. Ai'^^ is a spacelike surface is Rf. 
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Let us denote x = — ^ V ~ ~F- Then we have the following orthonormal tangent 

frame field of A^^: 

X = = l{v) + = 64; y = t{v). 

We consider the orthonormal normal frame field, defined by: 

/ N 9iu) f{u) 
ni = n[vj] 712 = I i-{v) H , = 64. 



Thus we obtain a frame field {x, rii, of A^^, such that = 1, {n2,n2) = —I 

(^1,^2) = 0. 

Taking into account (fT2l) . we calculate the second partial derivatives of z{u,v): 

Zuu = fl + gei, 

^UV f ^1 

^vv — f ^ ^ / ^• 

Then we get 

= {zuu-i'^i) — 0; c^2 ~ {zuvt^i) — 0; C22 = {zvv,^i) ~ f 1^] 

.2 _ ^\_f9-9f. .2 _ ^\_n. .2 /. \ f9 



Cii — (^MW) ^2) — j ) C^2 — i,Zuv^T^2) — 0; C22 — (2^™, ^2) 

'P-9^ \lP-9' 



Hence, 



(14) 



/ N fg- gf 

aix.x) = —. T- no, 

iP-g^)l 

a{x,y) = 0; 
, . K g 

(^{y,y) = 7 ^1 H , ^2. 

^ fjp-g' 



Let us denote by Km the curvature of the meridian curve m, i.e. = ^. '^^ ^ — \ 

{P{u)-g\u))i 

Taking into account f|T^ . we find the invariants k, x, and the Gauss curvature K of A^^: 

^mH^^(^) . ^^g. _ Km{u)g{u) 



■^'^^) ' ' f{u)Jp{u)-g\u) 



The equality x = implies that Al^ is a surface with fiat normal connection. 
The mean curvature vector field H is given by 



K , ^mf\^P-g^ + g 

(15) H= — ni + , — n2. 

^ V\P-g' 



MARGINALLY TRAPPED SURFACES IN MINKOWSKI SPACE 



11 



Equality ( IT5|) implies that A4'^ is a minimal surface (the mean curvature vector field H is 
zero) if and only if 



We shall exclude this case and consider the case when Ai'^ is marginally trapped, i.e. H 
and {H, H) = 0. Using flTSj) we obtain the following result. 



Proposition 5.1. The meridian surface Ai'^^, defined by (fT3l) . is marginally trapped if and 
only if 



P-g 



^2 



In a similar way we shall consider meridian surfaces lying on the standard rotational hyper- 
surface in with spacelike axis. Let 5'^(1) be the timelike sphere in the Minkowski space 
M? = span{e2,e3,e4}, i.e. ^^^^l) = G M? : {V,V) = 1}. Sf{l) is a timelike surface in 
known as the de Sitter space. Let / = f{u), g = g{u) be smooth functions, defined in an 
interval / C M, such that P{u) + g^{u) > 0, f{u) > 0, u e I. We denote by l{w^, w"^) the unit 
position vector of <S'^(1) in and consider the rotational hypersurface }A" in Rf, obtained by 
the rotation of the meridian curve m : u {f{'^)i g{'^)) about the Oci-axis. It is parameterized 
as follows: 

M" : Z{u, w\ w^) = f{u) l{w\ w^) + g{u) ei. 

The hypersurface Ai" is a rotational hypersurface in R^ with spacelike axis. 

Now we consider a smooth spacelike curve c : / = l{v) = l{w^{v),w'^{v)), v G J, J C R 
on 5'^(1), parameterized by the arc-length, i.e. {I' (v) , I' (v)) = 1, and denote by t{v) = l'{v) 
the tangent vector field of c. Since {t{v),t{v)) = 1, {l{v),l{v)) = 1, and {t{v),l{v)) = 0, 
there exists a unique (up to a sign) timelike vector field n{v) in R^, such that {n{v),n{v)) = 
— 1, {n{v),t{v)) = 0, {n{v),l{v)) = 0. In such a way we obtain an orthonormal frame field 
{l{v),t{v),n{v)} in Rf. With respect to this frame field we have the following decompositions 
of the vector fields l'{v), t'{v), n'{v)\ 

V = t- 

t' = —nn — I; 
n' = —nt, 

which can be considered as Frenet formulas of c on *S'^(1). The function k,{v) = {t'{v),n{v)) is 
the spherical curvature of c on 5"^ (1). 

We construct a surface Ai'^ mMf in the following way: 

(16) M'^: z{u,v) = f{u)l{v) + g{u)ei, ueI,veJ. 

The surface Ai'^, defined by ( IT6|) . lies on the rotational hypersurface A4" in Rf. Since Ai'^ is 
a one-parameter system of meridians of At", we call A4'^ a meridian surface on At". 
The meridian surface is a spacelike surface is R^ with tangent vector fields 

Zu = fl + gei; 

f 

and coefficients of the first fundamental form given by 

E = f\u)+g\u)>0; F = 0; G = fiu) > 0. 
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We consider the orthonormal tangent frame field x = — ^ y = i.e. 

X = I l[v) + ei; y = t{v), 

^p[u)+g\u) ^p^u)+g'{u) 

and the orthonormal normal frame field, defined by: 

9iu) ,1 . f{u) , . 

Til = — j^^^=^^^= l[v) j^^^=^^^= ei] n2 = n[v). 



Thus we obtain a frame field {x,y,ni,n2} of A^'^, such that (ni,ni) = 1, (n2,n2) = — 1, 
(ni,ra2) = 0. 

In the same way as in the previous example, we obtain the formulas 

/ N gf - fg 

a(x,x) = — : TT rii; 

{P + g^)l 



a{x,y) = 0; 

f\/P + 9 



'^{y,y) = , ni- - 712. 



2 I A2 / 



Now, the curvature Km of the meridian curve m is given by Km{u) = ^ — '^'^3 \ The 

{P{u) + g'^{u))2 

invariants fc, x, and the Gauss curvature K of are expressed as follows: 

P(u) ' ' /. 

f f{u)^P{u)+g^{u) 

The equality x = implies that is a surface with fiat normal connection. 
The mean curvature vector field H is given by 



{17} h — ^ 

2f^P + g' 

Obviously, A^'^ is a minimal surface (the mean curvature vector field H is zero) if and only 

if 



K = 0; Kmf^P + g' + g = 0. 

We consider the case when Ai'^ is marginally trapped, i.e. H ^ and {H, H) = 0. Equality 
T7|) implies the following result. 



Proposition 5.2. The meridian surface M.^, defined by (fT6|) . is marginally trapped if and 
only if 

2 



f^mfy f^ + g^ + g 

"2 I a2 ' ' 



P + g 
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At the end of this section we shall find all marginally trapped meridian surfaces lying on the 
rotational hypersurfaces Ai' or Ai". 

Let M.'^ be a marginally trapped meridian surface lying on the rotational hypersurface Ai'. 
According to Proposition 15.11 the following equality holds: 



K^{u)f{u)\J p{u) -g'^iu) + g{u] 



which imply 



k{v) = a = const, a 7^ 0; 
nm{u)f{u)sj P{u) -g'^{u) + g{u) 
^p{u)-g\u) 



±a. 



Without loss of generality we assume that the meridian curve m is given by 

f = u] g = g{u). 

Then f{u) = 1; f{u) = 0; Km{u) = — 3-. Hence, equation f lTSj) takes the form: 

(1 -^^)^ 



2 



3 



(19) ug + g-{gy = ±a{l-g 

The meridian curves of all marginally trapped meridian surfaces lying on the rotational 
hypersurface A4' are determined by the solutions of differential equation (IT^ . After the change 

+ 1 the above equation is transformed into 



(20) uh{u) + h{u) = ±a£, e = ±1. 

The general solution of equation fl2U]) is given by 

, , , ±a£u + Ci 

h[u) = , Ci = const. 

u 

We set c = eci and get 

, , , , ±au + c 

(21) g{u) 



^J{±au + c)2 + 



Integrating ( l2Ti) we obtain that all solutions of differential equation (fT9l) are given by the 
formula 
(22) 

g(u) = — — -A/(±aM + c)2 + m2h In Va^ + lu ± -^^= + ^/{±au + c)^ + u'^ +b, 

« +1 (0^ + 1)2 V vo-^ + l / 

where b and c are constants, c 7^ 0. 
Thus we obtain the next result. 

Theorem 5.3. The meridian surface A4'm is marginally trapped if and only if the curve c on 
5*^(1) has constant spherical curvature k = a, a ^ 0, and the meridian m is defined by ( l22l) . 



14 GEORGI GANCHEV AND VELICHKA MILOUSHEVA 

Let Ai'm be a marginally trapped meridian surface. Then the meridian curve m is determined 
hj f = u, g = g{u), where the function g{u) is defined by ( 1221) . Hence, the curvature of m is 

= o- Formulas iHM take the form 

a{x,x) = — ^ 712; 



(23) (^{x,y) = 0; 



, , a ±au + c 

(^{y, y) = - — 712, 

U 

which imply that the invariants k, k and K of are expressed as 

a^c^ c(±aM + c) 
/c = ^; x = 0; K = . 

The mean curvature vector field of is H = 7^(711 ± 712). 

Note that {x,y,ni,n2} is not the geometric frame field of M.'^ defined in Section HI The 
geometric frame field {X, Y, Ni, N2} of Ai'^ is determined by 

X = ^ix + y); A^i = ^(tii ±712); 

1 u 
Y=—{x-y)] N2 = -{-rii ±n2). 

v 2 

Hence, using (123|) we obtain the formulas corresponding to the geometric frame field: 

a{X,X) = N,; 

, ^o-u T c ac ,^ 

a(X,y) = ^ ^1 T iV2; 

au lu'^ 

a{Y,Y) = N^. 

Thus we obtain the invariants A, /i in the Frenet-type derivative formulas of AA'^'- 

—au =F c ac 
i/ = 0; A = ; ^^ = T-, 



au ' 

The invariants 71, 72, /32 are defined by 

71 = {V'^X.Y)- 72 = {V'yY.X)- A = -(V:^iVi,iV2); /?2 = -(V'^iVi, iV2). 
Calculating these scalar products we get 

71 = 72 = ^^1^^^ ; ^ = P2 = {c{±au + c)-u). 

Hence, the marginally trapped meridian surface A^J„ has non-parallel mean curvature vector 
field, since j3i and j32 are non-zero functions. 

In a similar way we find all marginally trapped meridian surfaces lying on the rotational 
hyper surf ace M." . 
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Let Ai'^ be a marginally trapped meridian surface lying on Ai" . Applying Proposition 15.21 
we obtain the following conditions on the meridian curve m and the curve c lying on 5'^(1): 

K,{v) = a = const, a ^ 0; 



K"m{u)f{u)\J p{u) +g'^{u) + g{u) 



±a. 



If the meridian curve m is given hj f = u; g = g{u), then we get that the function g{u) is a 
solution of the following differential equation: 



3 



ug + g + {gf = ±a{l + g^)2. 

All solutions of this equation are given by the formula 
(24) 

g{u) = -J — {±.au + c)2h 3- In I a/1 — m =f -^^=^= + \J — (icfu + c)^ ) +6, 

1 - (l-a2)2 V Vl-a2 / 

where 6 and c are constants, c 7^ 0. 
Thus we obtain the following result. 

Theorem 5.4. The meridian surface Ai'^ is marginally trapped if and only if the curve c on 
Sf{l) has constant spherical curvature k = a, a 7^ 0, and the meridian m is defined by (l24l) . 

The invariants of the marginally trapped meridian surface Ai'^ are expressed in a similar 
way as the invariants of the marginally trapped meridian surface Ai'^- The marginally trapped 
meridian surface Ai'^ has non-parallel mean curvature vector field, since the invarianst /3i and 

are non-zero. 
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